EXCEPTIONAL VALUES OF ENTIRE FUNCTIONS OF
FINITE ORDER IN ONE OF THE VARIABLES

ALVARO BUSTINDUY

ABSTRACT. Let F(z,w) be a holomorphic function in C™ x C of finite order
in w with n > 2. Let Q be the set of points z € C® where F(z,w) is a
non-constant function omitting a value m(z). Near a finite accumulation
point zo of €2, we prove in the main result (Theorem 1) that Q is a local
analytic set and 7(z) is holomorphic, and show the existence of a proper
globally analytic set A of C" such that either Q C A or 2 = C" \ A, being
possible in the last case to also determine F'(z,w) in terms of w(z). We apply
this result to several problems. First, we extend a Theorem due to Nishino
about exceptional values when near zop dimension of 2 is n and assure the
existence of a meromorphic function «(z) in C™ such that 7(z) = «a(z) except
at points where «(z) has poles or F(z,w) is constant (also being F(z,w) a
polynomial in w if a(z) is co). After, we prove that 2 is a local analytic
set in C™ and the existence of a proper analytic subset E of C™ such that
Q C Eor Q=C"\ E. Finally, we generalize a Lelong-Gruman Theorem
about the set of points z where 7(z) = 0.
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1. INTRODUCTION
Consider the product space C" x C of n + 1 variables z1, ..., z,, w, where
z = (z1,...,2p) € C" and w € C. Let F(z,w) be a holomorphic function in

C™ x C. Given z € C", F(z,w) is a holomorphic function in C. If F(z,w) is
not constant, according to Picard Theorem, F'(z,w) takes all the values of C
minus at most one point 7(z). The point 7(z) is called the exceptional value
of F(z,w) in z.
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In the present work we study m(z) and
Q= {z € C"|n(z) exists}
when F(z,w) is a holomorphic function in C™ x C of finite order in w.
1.1. Given F(z,w) and r; e RT (j=1,...,i—1),if

MF(Tl,...,Ti_l,ZZ',...,Zn,t): max ]F(z,w)\
|w|:t’ |Zj ‘:rj

we associate:

- The order of F(z,w) in z:
loglog™ Mp(21,. .., 2n,t)

z) = limsu
p(z) n SUp log ¢

It is defined as the order of w — F(z,w). We say that F(z,w) is of finite
order in w if p(z) is finite for any z in C". According to [4, Theorem 1.41]
(see also [4, p.26]), F(z,w) is of finite order in w if and only if p(z) is
finite in a non-pluripolar set of C™.

- The upper order of F(z,w) in the variable w:

log log™ Mp(ry,...,rp,t)

T1,...,Ty) = limsu
d ) P logt
It does not depend on 7; (j = 1,...,n), and then is a constant, denoted

by 7, [7, p. 110]. Moreover, p(z) < p,, [7, p-120].

According to a theorem due to Ronkin [7, Theorem 3.2.1] (proved by Lelong
in case n = 1), if F(z,w) is of finite order in w, p,, is finite. In fact, p(z) < p,,
in a set of class Fj.

We will refer through this work to X as an analytic subset of a domain D in
C™ when, for each point p of D, there are an open neighbourhood U of p in D
and a finite family of holomorphic functions on U such that X N U is the set
of its common zeros. On the other hand, we will say that X is a local analytic
set in D if the previous U and finite family of holomorphic functions exist for
each point p of X (but not necessarily for p € D\ X). Clearly, X is an analytic
subset of D if and only if, X is a local analytic set and is closed in D. Finally,
the sets in C" defined by the common zeros of a finite family of holomorphic
functions on C" are called globally analytic sets of C".

1.2. In 1963, Nishino [5] studied 7(z) for a holomorphic F'(z,w) in C x C of
finite order in w. He showed the following theorem in [5, p.371]:

Theorem. (Nishino) Let F(z,w) be a holomorphic function in C x C of finite
order in w. If there is a finite accumulation point zy of 2, then there exists a
meromorphic function o(z) in C such that 7(z) = a(z) except at points z in C
where o(z) has poles or F(z,w) is constant. Moreover, F(z,w) is a polynomial
in w when a(z) is co.

Nishino’s Theorem implies that
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1) The set € is a local analytic set in C. Let
A ={z € C|F(z,w) is constant}

and consider the Hartogs series expansion of F'(z,w) centered at w = 0:

F(z,w) = Z Fr(2)w",
k=0

with Fi(z) (k=0,1,...) holomorphic in C. Since any point z in A holds
{Fi(2) =0} (k=1,2...), A has no finite accumulation points, and then
it is proper analytic subset of C. Then, there is a proper analytic subset E
of C such that either Q C E (all the points of {2 are isolated) or Q@ = C\ E,
where E is given by the union of the set of poles of a(z) and A. In both
cases, () is a local analytic set of C.

2) The graph G, of m : Q@ — C is a subset of the graph of a meromorphic
function a(z) in C? in presence of a finite accumulation point zy of Q.
This does not necessarily occur if F'(z,w) is not of finite order in w. Let
us consider the holomorphic function, [5, p. 367]:

eze:_l if 2#£0
F(z,w) =
e’ if z=0

In this case, if a(z) = —1/z, 7(z) = a(z) when z # 0. However, 7(0) = 0,
and (0,0) is in Gr but not in the graph of a(z) in C2. Moreover, note
that in this example a(0) = oo but F(0,w) is not a polynomial.

In this work we are interested in studying the generalization of Nishino’s
Theorem to any number of variables:

Problem 1. Consider n > 2 and a finite accumulation point zg of 2. We want
to analyze if there is a neighborhood U of zp in C" such that Q N U is a local
analytic set in U, and extend Nishino’s Theorem when Q2N U is a local analytic
set of dimension n, by explicitly determining F(z,w) for it.

We also want to apply the solution of Problem 1 in order to obtain a similar
description of € as in case n = 1:

Problem 2. We want to study if €2 is a local analytic set in C", and if there
exists a proper analytic subset F of C such that either Q@ C F or Q = C\ E
when n > 2.

1.3. Let F(z,w) be a holomorphic function in C" x C of finite order in w.
Lelong and Gruman studied the set
7% = {z € C"| (for all w) F(z,w) #0}.

Lelong proved in [3] when n = 1 (see also [2, Corollary, p. 688]) that Z° or C\ Z°
is discrete. Later, Lelong and Gruman studied the case n > 2, and proved in
[4, Theorem 3.44] the following theorem:
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Theorem. (Lelong-Gruman) Let F(z,w) be a holomorphic function in C™ x C
of finite order in w, with n > 2. Consider A’ = {z € C"|F(z,w) = 0}. Then
Z9U AY is contained in a proper analytic subset of C* unless Z° U A° = C™.

Problem 3. We want to study whether Lelong-Gruman Theorem follows from
the answer to Problem 2, and thus obtain a generalization of it.

Acknowledgement. I wish to thank the referee, for a careful reading and
suggestions that have contributed to improve the presentation of the paper.

2. STATEMENT OF RESULTS
2.1. Main result.

Theorem 1. Let F(z,w) be a holomorphic function in C" x C of finite order in
w, with n > 2. Consider a finite accumulation point zg of Q). Then there exists
a neighborhood U of zy in C™ such that QN U is a local analytic set in U and
m(z) is holomorphic over QN U. Moreover, there is a proper globally analytic
set A of C™ such that either QNU C ANU or QNU = (C*"\ A)NU. In the
latter case, when dimension of QNU isn, F(z,w) can be explicitly determined:
there are holomorphic functions &(2) (1 =1,2), vi(2) (k=1,...,d € NT) and
n(z) in C"™ such that

£2(2) () Rutva(pul] _ 1)

+n(2) if &(2) #0
F(z,w) = &1(2) ! 1

E(2)[vr(2)w + - - - + vg(2)w?] + n(2) if &1(2)=0

Remark 1. We determined F(z,w) in [1] under more restrictive conditions.
Concretely, if there is a neighborhood U of zp in C" contained in Q and F'(z, w)
is not constant for any z in C”.

2.2. Extension of Nishino’s Theorem. Theorem 1 solves Problem 1, since
it implies that 2 N U is a local analytic set, for a neighborhood U of zy in C",
and allows to obtain explicitly F(z,w) (on C™) when QN U is of dimension n,
deducing from it Nishino’s Theorem.

Corollary 1. Let F(z,w) be a holomorphic function in C™ x C of finite order
in w, with n > 2. If there exists a neighborhood U of zg such that QNU is a
local analytic set of dimension n then:

a) There is a meromorphic function a(z) in C"™ such that w(z) = a(z) on Q,
where Q = C"\ E and E is a proper globally analytic set of C™. Moreover,
E = AU FE', where A is the set of points z in C" such that F(z,w) is
constant and E' is the set of poles of a(z).

b) It holds F(z,w) is a polynomial in w if and only if z € E.

¢) The order p(z) of F(z,w) in w is d € N, except on a globally analytic
set of C™ where p(z) < d.
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Note that a) in Corollary 1 is a generalization for n > 2 of 1) and 2) of 1.2.
In particular, we obtain Nishino’s Theorem (see 1.2) for n > 2:

Corollary 2. Let F(z,w) be a holomorphic function in C™ x C of finite order
in w, with n > 2. Consider a finite accumulation point zg of ). If there exists
a neighborhood U of zy such that QN U is a local analytic set of dimension
n, then there exists a meromorphic function a(z) in C" such that w(z) = a(z)
except at points z in C™ where a(z) has poles or F(z,w) is constant. Moreover,
F(z,w) is a polynomial in w if a(z) is oo.

2.3. Description of 2. Theorem 1 and Theorem of Ronkin [7, Theorem 3.2.1]

(see 1.1) allow to describe 2 as in case n =1 (see 1.2):

Theorem 2. Let F(z,w) be a holomorphic function in C™ x C of finite order
in w, withn > 2. Then Q is a local analytic set in C™ and there exists a proper
analytic subset E of C™ such that Q@ C E or Q =C"\ E.

Example. Denote z = (21,...,2,-1) in C" ! and z = (z, z,) in C". Let f(z)
and g(z) be holomorphic functions in C"*~! and C", respectively, and define
g(z)w 1
e wlm— f@)] S i g(2) £0
F(z,w) = 9(2) 9(2)
w(l+ z, — f(z)] if g(z) =0

It holds that = Gy N {g(z) # 0}, where G is the graph of f(x) in C". For
each finite accumulation point of €2 there is a neighbourhood U of it such that
Q2N U is contained in an analytic set of dimension n — 1. In this case Q C Gy
is a local analytic set in C™ of dimension n — 1.

2.4. Lelong-Gruman Theorem. Consider n > 2 and define
Q" ={zecC"|n(z) =0} CQ
and A = {z € C" |F(z,w) is constant}. Note that A is a proper analytic subset

of C™: asin case n =1 (1.2), we can expand F'(z,w) as Hartogs series centered
at w =0,

F(z,w) = Z Fr(2)w",
k=0

with Fj(z) (k=0,1...) holomorphic in C". Since A is the intersection of the
family {Fy(z) =0} (k=1,2...), we know [6, Corollary 2.1] that A is a proper
analytic subset of C*. Take Z° and A° defined in 1.3. These sets are related
by the following equality

Z°uA’=Q%u A
Theorem 2 implies:

Corollary 3. Let F(z,w) be a holomorphic function in C" x C of finite order
in w, with n > 2. There exists a proper analytic subset Eg of C™ such that
QY C Ey or Q0 =C".
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Corollary 3 solves Problem 2 since Z° U A is contained in Ey U A unless
79U A = C" and Lelong-Gruman Theorem follows from Theorem 2.

3. PROOFS

Proof of Theorem 1.

3.1. Consider a finite accumulation point zg of 2. Let B(zp) be a ball centered
at zo of radius rg > 0. Since p(z) is finite for any z € C™ (see 1.1), we can assume
that p(z) on B(zp) is bounded by a finite constant pg. Define Q(z9) = QNB(2p).
Note that zp can not be in (zg) if zp € 9Q(z0).

Take z in Q(zp). It follows by Hadamard’s Theorem that

F(z,w) —(z) = eI,

with g(z,w) a polynomial in w of degree p(z). Therefore p(z) € NT on (z0)
and pp > 0 (see, [8, 8.24 and 8.26]).
Consider n(z) = F(z,0) and define

F(z,w) = F(z,w) —n(2).

If z in Q(z), then m(z) — n(z) is an exceptional value of F(z,w). Note that
m(z) — n(z) is not zero since F'(z,0) is identically zero. Define Cy(z) such that

—1/Co(z) = 7(2) = n(2)-
We can write
. e9(zw) 1
F(z,w)= — ,
SR B RS
Yw + C2(2)w? + ... and Ci(z) complex numbers for k > 1.
0 if k is an mteger > p(2).

with g(z,w) = Ci(z
Note that Cy(z) =

3.2. Given z in (zp), take successive partial derivatives with respect to w of
F(z,w) at w = 0. Because F'(z,0) is equal to zero, we obtain [5]:

1) Ci(2) = Co(2) f1(2), with fi(2) = 9E(z,0),

2) Ca(2) = Co(2) fol2) — 3[C1(2))°, with fo(2) = % 55 (2,0),

and thus the general case:

k) Ci(z) = Co(2) fr(z) — Qr[Ci(2),...,Cr-1(2)] (k = 2,3,...) where Q is

a polynomial of k£ — 1 variables with coefficients in Q, and

1 OFF
fulz) = ko wh

Then, if z is in Q(zp) we conclude [5, p.370]:

(2,0).
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(i) Ck(z) is expressed as a polynomial in the variable Cy(z) with coefficients
given by holomorphic functions fr(z) (k = 1,2,...) in C" evaluated in
z, for each positive integer k. Then, there exist polynomials Ry(z,w)
(k= 1,2,...) in w whose coefficients are holomorphic functions in C"
such that
C’k(z) = Rk(z, C()(Z))

(71) Since p(z) < po, if d = [po], it holds Ci(z) = 0 for each integer k > d+1.
The most important consequence of the above points is the following lemma:

Lemma 1. Fized a point (2, w1) in B(z29) xC, with wy # 0, then Ri(z',w1) =0
for k > d+1 and infinitely many () (k=1,2...) are different from zero if
and only if F(2',w) has an exceptional value —1/wy.

Proof. If Ri(2',w1) = 0 for k > d + 1, by definition of Ri(z,w) (k=1,2...)
given in (i), and 1), 2) and k) in 3.2, one can obtain fi(z’) recursively in terms
of Ri(2',wy) (k=1,2...). If infinitely many fx(2') (k =1,2...) are # 0, they

determine
- e9(z'w) 1
F(Z w) =

w1 ’w1’
with g(z',w) = Ri(2,wi)w + Ra(2,wi)w® + --- + Rq(#',wy)w?. Therefore

F (%', w) has an exceptional value —1/w;. The other implication is clear from
3.1, 3.2. O

Remark 2. After Lemmal, z is in ©(z) if and only if there exists w # 0 such
that Ry(z,w) =0 for k > d + 1 and infinitely many fx(z) are not zero. In this
case, 7(z) = n(z) — 1/w.

Lemma 2. If AP is the set of points z in C" such that F(z,w) is a polynomial
in w, then AP N B(zg) is an analytic subset of B(z).

Proof. Consider the expansion of F'(z,w) as Hartogs series centered at w = 0
(see 2.4). Define the family of subsets Uy, C AP (k = 0,1,...) of points z in
B(z0) such that F'(z,w) is a polynomial of degree at most k. It holds that Uy, is
the intersection of the family of analytic subsets of B(2g): {F}(z) = 0} N B(z0)
(j =k+1,...), and then an analytic subset of B(zp) [6, Corollary 2.1]. It is
clear that AP = U2 Uy, and that Uy C Uy (k=0,1,...). Since the dimension
of Upis 0 < di, <nm—1and dy <djy1 (k=0,1,...), there is kyp € N such that
Uk =Ug, (k=ko+1,...) and AP = Uy, [6, Remark 2.10]. O

3.3.

Proposition 1. Let F(z,w) be a holomorphic function in C" x C of finite order
in w, with n > 2. Consider a finite accumulation point zg of Q). Then there
exists a neighborhood U of zg in C™ such that QN U is a local analytic set in
U and w(z) is holomorphic over Q NU. Moreover, there is a proper globally
analytic set A of C" such that either QNU C ANU or QNU = (C*"\ A)NU.
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Proof. Take U = B(zp). Consider the family {S;} (j = 1,2...) of globally
analytic sets of C"™! defined by {Rg4;(z, w) = 0} where Ryy;(z,w) are as in
3.2. The points (z,w) in C"*! such that z in Q(29) and w = Cp(2) define a
subset L C Sj (j = 1,2...). Then the intersection of {S;} defines a globally
analytic set S of C"*! containing L [6, Corollary 2.1].

Let Z € Q(z9). By Lemma 2, there is a ball B(Z) C C" of center Z contained
in B(zp) such that B(Z) N AP is empty. Then, for any z € B(Z), infinitely many
fe(2) (k=1,2...) are # 0. Consider $* = S\{w = 0}, L = LN(B(2) xC), and
the projection II; : C**! — C”, 1I;(z,w) = 2. After Lemmal and Remark 2,
it follows that

L=5"Nn(B(%) xC)

and I1;(L) = Q(z0) N B(%). Since Iyg : S — I;(S) is a proper map, then
Q(z0) N B(Z2) is a local analytic set. It proves that 2 N U is a local analytic
set in U. It follows by [6, Remark 2.8] that Cy(z) and 7(z) = —1/Cy(z) are
holomorphic on Q(zp) N B(Z), and 7 (z) is holomorphic on QN U.

Note that the above analysis implies that

L =8N ((B(z) \ A7) x C)

is the graph of holomorphic function Cp(z) on Q(zp).

Due to [6, Remark 2.10], S must be the intersection of a finite family {S;,}
(j=1,...,q) where r; (j = 1,...,q) are different integers in N*. Explicitly,
according to 3.2, each Sy, (j =1,...,q) is defined by the zeros of a polynomial
in w with holomorphic coefficients:

R, (z2w) = A=) + A (2w + -+ A] (2)ul,

with A%(z) (h=0,...,l; € N) holomorphic in C", where A%(z) is assumed to
be not identically zero since L does not intersect {w = 0}.
There are two possibilities:

1) There exists jo € {1,..., ¢} with [, > 1. Consider the discriminant d;, (z)
of Rgy,,(z,w) with respect to w. In this case, for z € Q(zp), it holds

AP (2) - djy(2) = 0,

since A{;’O(z) # 0 implies dj,(2) = 0. Otherwise the [, points: (z,w;)
(t=1,...,l;) are in L, which is not possible because L is the graph of a
holomorphic function. Since Q(z9) C &j, N U, with

Ejo = (AP (2) = 0} U{d)(=) = 0},

then Q(z9) C ANU, where A is the intersection of the family of sets
{&j,}, with jo € {1,...,¢} and [;, > 1.

2) For all j € {1,...,¢}, [; = 1. In this case S is the intersection of

S;={A)(z)+A)w=0} (G=1,...,q).
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Take &15(2), &25(2) (j = 1,...,¢q) holomorphic functions in C" relatively

prime at any z such that A7(z) + A{(z)w = pI(2)[&1;(2)(2) — &25(2)w],
with p?(z) holomorphic in C". Consider

2a) (All Sj are dependent) If g=1,0or¢>1andT'j(2) =0 (j =2,...,q) :
Q(z0) = (C"\ A)NU, with A = A; U Ag, where

Ay = {&1(2) =0} U {&(2) = 0}

and Ay is given by the intersection of {p’(z) =0} (j = 1,...,q).

2b) If ¢ > 1 and there is jo € {2,...,q} such that I'; (2) is not identically
zero, Aj, = {I'j,(z) = 0} defines a proper globally analytic of C" such
that Q(20) C Aj,NU. Then Q(z9) C ANU, where A is the intersection
of sets Aj,, with jo € {2,...,¢q} such that I'j,(z) # 0.

It finishes the proof of Proposition 1. U

3.4. Let us suppose that dimension of 2(zp) is n. It is clear that 2a) of 3.3 holds
and Q(z9) = (C"\ A)NU = B(zp) \ A. Denote &;11(2) and £21(z), respectively,
by &€1(z) and &»2(z). Consider

LGk A
O =6m = Ae

The meromorphic function —1/£(z) restricted to B(zp)\ A is equal to —1/Cp(2).
If we substitute Cp(z) by £(z) (meromorphic function in C™!) in the definitions
of C(z) of 3.2, taking Ci(z) = Ri(2,£€(2)) (k=1,2,...) we obtain a function

eC1 (2)w+-+Cq(2)w? 1
£(2) §(z)

Note that G(z,w) is holomorphic in (C"\ A) x C and coincides with F(z, w)
in (B(z9) \ A) x C (see 3.2). Then, G(z,w) is holomorphic in C**! and equals
to F(z,w). Therefore, if g(z,w) = Ci(2)w + --- + Ca(2)w?, g(z,w)/&(2) is
holomorphic in C"* and g(z,w) = £(2)[u1(2)w + - - + ug(2)w?] with ug(2)
holomorphic in C" (k =1,2,...,d).

Explicitly,

G(z,w) =
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3.5. It holds that
{z € C"|F(z,w) is constant} = {z € C" |uy(2) = - - - = ug(z) = 0}.

First we treat the case where £(z) is holomorphic.

Consider 2’ in C" such that F(2/,w) is constant. If £(z') = 0, according to the
expansion of F(z,w) in 3.4, it holds if and only if u (2 )w + - - - + ug(z')w?® = 0
for any w € C, or equivalently if ui(z') =0 (k= 1,...,d). If {(z') # 0, as

§(z)ﬁ’(z, w) +1= 65(2)'@1 (Z)w+--'+ud(z)wd]’

in the same way it is equivalent to ux(z') =0 (k=1,...,d).

Now, we treat the case where £(z) is not holomorphic.

Consider a point 2z’ in C™ such that &;(2') # 0 and &3(2") = 0. Assume that
there is w1 such that [u1(2")wi+- - - +ug(2)w1?] # 0 and take a ball B(z/,w) in
C™*1 centered at (2/,wy) of radius 71 > 0 such that B(2', w1)N{(z,w)[&1(2) = 0}
is empty. Take a line £ in C"*! passing through (2/,w;) and consider £y =
¢ NB(2',w1). We can assume by [6, Lemma 2.8] that

lo N {(z,w)[€2(2) = 0} = { (2, w1)}-

Suppose that £y is defined by {(z,w) = Aot + (2/,w1)}, for a fixed \g € C**1
and ¢ in a disk D in C of center t = 0 and radius sufficiently small ¢ > 0. It
follows by the above expansion of F(z,w) in 3.4 that F(z,w) over L is of the
form (e9®) — 1)/g(t), where g(t) is holomorphic on D, \ {0}, and with a pole
of positive order at ¢t = 0. It implies the existence of an essential singularity of
F(z,w) over £y at (2',w;) and contradicts that F(z,w) is holomorphic. Then,
if £1(2') # 0 and &(2') = 0 necessarily [u1(2)w + - - - + ug(z")w?) = 0, for any
win C, and uk(z") =0 (k=1,...,d). It follows that

{&2(2) = 0} C{wa(2) = - -- = ua(2) = 0}.
Then ug(2) = vg(2)&2(2) (k=1,...,d), with vg(z) holomorphic in C", and

F(z,w) = %{2(2’)[1}1(,2)111 + -+ ug(2)wd]+

+ 51(2;?(2) [1(2)w + - - - + va(2)w+
2
+ 61(2)3!52(2)[1}1(2)10 + vd(z)wd]3 +---

From this expression, it is clear that a point z in C" verifies F(z, w) is constant

if and only if ug(z) =0 (k =1,...,d), and F(z,w) = F(z,w) + n(z) is as in
the statement of Theorem.

Proof of Corollary 1. It is enough to analyze the explicit expression of
F(z,w) obtained in the statement of Theorem 1. For a), we take

alz) = _&(2)

&1(2)

+n(2),
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A ={&(z) =0} U{vi(z) =+ =wv4(z) =0}, and E' = {&(z) = 0}. The point
b) is clear. For ¢), we see p(z) is d, except on E U {v4(z) = 0} where is < d.

Proof of Corollary 2. It follows directly from a), b) of Corollary 1.

Proof of Theorem 2. Consider §2; and 2o, respectively, the set of finite
accumulation points of €2 and the set of isolated points of Q. If €, is empty,
Q = Q) is closed and discrete in C™, and then it defines a proper analytic subset
E of C™. Suppose zy € Q1. If there exists a neighborhood U of zp such that
QNU is a local analytic set of dimension n, according to a) of Corollary 1, there
exists a proper analytic subset E of C™ such that Q = C" \ E (note that in
this case, Q29 is empty). If there exists a neighborhood U of zy such that QN U
is a local analytic set of dimension < n, according to the proof of Theorem 1,
concretely, Proposition 1, there exist a neighborhood U of zg in C™ and a proper
globally analytic set A of C™ such that QNU C ANU. Theorem of Ronkin (see
1.1) allows to take py = p,, independently of the point zp, and then conclude
that A is the same set for all the finite accumulation points of 2. Then, it is
enough to define the proper analytic subset £ = AUSQs of C" to obtain 2 C E.

Proof of Corollary 3. Since Q° C Q, if dimension of  is < n, the proof
follows from Theorem 2 taking Ey = E. If dimension of 2 is n, according to a)
of Corollary 1, QV is defined by the analytic subset Ey of C" given by the zeros
of a(z). Then Ejy is proper if a(z) is not identically zero or C" otherwise.
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